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Prezentace bude sloZzena ze dvou ¢asti
@ Online filtering for hybrid systems - Presentation in Rome
@ Aplikace teorie systému hromadné obsluhy
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Motivation

System example
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System illustration
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Motivation

System illustration
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Motivation

Problem formulation
Hybrid system
@ State of the hybrid system in time t € {1,..., T }:

Xt [Xtv ] [ch,h" XC t:Xt]

@ Superscript ¢ — continuous variables, d — discrete variables
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Motivation

Problem formulation
Hybrid system
@ State of the hybrid system in time t € {1,..., T }:

@
Xt [Xtv ] [Xl,t7" XC t:Xt]
@ Superscript ¢ — continuous variables, d — discrete variables

Available data

ur = [u, ud]’ ... system inputs in time ¢,
= [y5,yf] ... system outputs in time t,
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Motivation

Problem formulation
Hybrid system
@ State of the hybrid system in time t € {1,..., T }:

@
Xt [Xtv ] [Xl,t7" XC t:Xt]
@ Superscript ¢ — continuous variables, d — discrete variables

Available data

ur = [u, ud]’ ... system inputs in time ¢,
= [y5,yf] ... system outputs in time t,

The Goal

Estimate of x; based on (y1,...,yt,U1,...,u;) =d*
- online filtering.
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General solution in pdfs

State-space model and Bayesian filtering

o Generally, a state-space model consists of two models:

observation model f(ye|xe, ue),

state evolution model f(Xes1|Xe, Ug) -
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General solution in pdfs

State-space model and Bayesian filtering

o Generally, a state-space model consists of two models:

observation model f(ye|xe, ue),

state evolution model f(Xes1|Xe, Ug) -

@ Basic facts:
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General solution in pdfs

State-space model and Bayesian filtering

o Generally, a state-space model consists of two models:

observation model f(ye|xe, ue),

state evolution model f(Xes1|Xe, Ug) -

@ Basic facts:
o Data updating (derived using Bayes' theorem):
f(yelxe, ue) f (Xt| dt*l)
fx* f(}/t|xt7 Ut) f (Xt| dt_l) dx;
o (yelxe,ue) f (Xt| dtil) )

f (Xt|dt)
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General solution in pdfs

State-space model and Bayesian filtering

o Generally, a state-space model consists of two models:

observation model f(ye|xe, ue),

state evolution model f(Xes1|Xe, Ug) -

@ Basic facts:
o Data updating (derived using Bayes' theorem):

f(velxe,ue) f (Xt| dt*l)
fx* f(}/t|xt7 Ut) f (Xt| dt_l) dx;
o (yelxe,ue) f (Xt| dtil) )
o Time updating (from the Law of total probability):

f (Xt+1‘ dt) e / f (Xt-‘rl‘xta Ut) f (Xt’ dt) dXt

f (Xt|dt)
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General solution in pdfs

State-space model and Bayesian filtering

o Generally, a state-space model consists of two models:

observation model f(ye|xe, ue),

state evolution model f(Xes1|Xe, Ug) -

@ Basic facts:
o Data updating (derived using Bayes' theorem):

f(velxe,ue) f (Xt| dt*l)
fx* f(}/t|xt7 Ut) f (Xt| dt_l) dx;
o (yelxe,ue) f (Xt| dtil) )
o Time updating (from the Law of total probability):
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f (Xt|dt)
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General solution in pdfs

Online filtering - general case

o Together:

f Xt-i—l‘ d / f Xt+]_’Xt, Ut f(yt‘Xt7 Ut)f.(Xt‘dtil) dXt.
ocf(xe|d?)

(1)

o f(x¢|dt1) stands for the prior distribution.
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General solution in pdfs

Hybrid system decomposition
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General solution in pdfs

Hybrid system decomposition

@ Decomposition of observation and state evolution models

f(yt|xt7 ut) = f(Yi:C7yt.fI|XtC’X1.fiv uf? ug)
f(Xt+1|Xtv ut) = f(XltC+17Xg+1|XtC’ Xtdv u?? ut?’)
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General solution in pdfs

Hybrid system decomposition

@ Decomposition of observation and state evolution models

f(yt|xt7 ut) = f(Yi:C7yt.fI|XtC’X1.fiv uf? ug)
f(Xt+1|Xtv ut) = f(XltC+17Xg+1|XtC’ Xtdv u?? ut?’)

e Chain rule: f(a, b|c) = f(alb, c)f(b|c)
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General solution in pdfs

Hybrid system decomposition

@ Decomposition of observation and state evolution models

f(yt|xt7 ut) = f(Yi:C7yt.fI|XtC’X1.fiv uf? ug)
f(Xt+1|Xtv ut) = f(XltC+17Xg+1|XtC’ Xtdv u?? ut?’)

e Chain rule: f(a, b|c) = f(alb, c)f(b|c)
@ Models after using chain rule and reasonable omissions:
Fyelxe,ue) = FElyd g, uf)F(yd I, uf) (2)
f(xes1lxe, ur) = f(xf+1|xf+1,x§, Utc)f(Xg+1|X§jv Ud)~ (3)
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General solution in pdfs

Hybrid system decomposition

@ Decomposition of observation and state evolution models

f(yt|xt7 ut) = f()/t » Yt |Xt’X1.fiv utv ug)
f(Xf+1|Xt7 ut) = f(Xt+17Xt+1|Xt ava ut ) Uf’)

e Chain rule: f(a, b|c) = f(alb, c)f(b|c)
@ Models after using chain rule and reasonable omissions:

Flyelxe,ue) = FUelyd xf, uf)F(ydxd, uf) (2)
f(xer1lxe, ur) = f(XtCJr1|Xg+1’XtC7ug)f(xg+l|xg7ug)' (3)

@ Prior distribution:

FxE, xf1d 1) = F(xfIxg, d D) F (x| (4)
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General solution in pdfs

Online filtering - hybrid systems:

@ Substituting models for hybrid systems ((3), (2) and (4)) into
the general result (1), one obtains

f(Xt+1|dt) X /C Z f(XtC+1|Xtd+17X1:Cz u?)f(xg+1|xtd’ Ut('l)
X *

xd*

f(Xt+1|Xt7Ut)

< F(yElyd xE, uf)F(vd xd, uf) FOEIxE, d 1 F (x| d 1) g

f(er)Zmr) prior pdf
= Z f(Xg+1’dt)f(Xtc+1|Xtd+1a d’) (5)
Xd>:<

sum of distributions
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General solution in pdfs

Online filtering - hybrid systems:

@ Substituting models for hybrid systems ((3), (2) and (4)) into
the general result (1), one obtains

f(Xt+1|dt) X /C Z f(XtC+1|Xtd+17X1:Cz u?)f(xg+1|xtd’ Ut('l)
X *

xd*

f(Xt+1|Xt7Ut)

< F(yElyd xE, uf)F(vd xd, uf) FOEIxE, d 1 F (x| d 1) g

f(er)Zmr) prior pdf
= Z f(Xg+1’dt)f(Xtc+1|Xtd+1a d’) (5)
Xd>:<

sum of distributions

@ Sum of distributions is difficult to work with (for the use in
recursion) - approximation by Kerridge inaccuracy (later)
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Recursive filter for normal and multinomial models

Normal and multinomial models

Suppose the following distributions of variables:

yi K-dimensional normal distribution
ya one-dimensional multinomial distribution
D C-dimensional normal distribution
xfl one-dimensional multinomial distribution
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Recursive filter for normal and multinomial models

Normal and multinomial models

Suppose the following distributions of variables:

yi K-dimensional normal distribution
ya one-dimensional multinomial distribution
D C-dimensional normal distribution
xfl one-dimensional multinomial distribution

@ This choice is very universal
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Recursive filter for normal and multinomial models

Normal and multinomial models

@ Substituting into (2) we get the observation model as the
product of distributions:

f()’ﬂyg?Xtca”t) (Yt |Xt7ut) N (Hx; + Dug, R,)a yd|xdud

where Qyd_g|xd—] yd—p Are known probabilities of output

yd = q under conditions of x =/ and ug = n, and it holds

Zg‘) Qglin =1, agn =2 0V¥ q,/,n and Q.
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Recursive filter for normal and multinomial models

Normal and multinomial models

@ Substituting into (2) we get the observation model as the
product of distributions:

f(ytc|ytd7xtcﬁ ut) (yt |Xt ’ ut) N(thc + Duf? Rv)ayﬂxfuf

where « d—glxd—1,ud—n are known probabilities of output
yd = g under conditions of x! =/ and u¢ = n, and it holds

Zg‘) Qglin =1, agn =2 0V¥ q,/,n and Q.
@ The state evolution model (3) is in form

Fyelye xE uf)F(yExd s uf) = N(HxE + Dug, Ro)ayg g

where « d—q|xd=1,ud=p are known probabilities of output

y¢ = q under conditions of x! =/ and u¢ = n, and it holds
Zf,‘) Qgiin =1, agn >0V q,/,n and Q.
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Recursive filter for normal and multinomial models

Choice of prior distributions

o The prior distributions (4) f(xf|x¢,dt™1)f(x7|d 1) are
specialized as
N(Mt\t—la Pt|t—1)PXg(t)
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Recursive filter for normal and multinomial models

Choice of prior distributions

o The prior distributions (4) f(xf|x¢,dt™1)f(x7|d 1) are
specialized as
N(Mt\t—la Pt|t—1)PXg(t)

@ This is a product of
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Recursive filter for normal and multinomial models

Choice of prior distributions

o The prior distributions (4) f(xf|x¢,dt™1)f(x7|d 1) are
specialized as
N(Mt\t—la Pt|t—1)PXg(t)

@ This is a product of
e C-dimensional prior normal distribution with initial mean value

Hejt—1 and covariance Py_;
e Multinomial distribution in the form of the prior probability

Pxs—i(t) Of xd =1, where Z;‘ Pty =1, piey 20V 1.

Online Filtering For Hybrid Systems
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Recursive filter for normal and multinomial models

Filter for normal and multinomial models

@ The solution for normal models computationally coincides
with the Kalman filter
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Recursive filter for normal and multinomial models

Filter for normal and multinomial models

@ The solution for normal models computationally coincides
with the Kalman filter

o We get the Kalman filter run for each value of x¢.
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Recursive filter for normal and multinomial models

Filter for normal and multinomial models

@ The solution for normal models computationally coincides
with the Kalman filter

o We get the Kalman filter run for each value of x¢.
@ The solution for multinomial models takes the form

Py

t+1

(t) = BilinQq(1nP1(t) + Bii2n0q2nPa(t) +- - -+ BiLnQq|LnPL(t)
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Recursive filter for normal and multinomial models

Filter for normal and multinomial models

@ The solution for normal models computationally coincides
with the Kalman filter

o We get the Kalman filter run for each value of x¢.
@ The solution for multinomial models takes the form

Py

t+1

(t) = BilinQq(1nP1(t) + Bii2n0q2nPa(t) +- - -+ BiLnQq|LnPL(t)

@ The mixture distribution (5) has the form

L

Z Pl(t+1)f\/l(ﬂt+1\t7 Pt+1|t)-
I=1
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Recursive filter for normal and multinomial models

Kerridge inaccuracy aproximation

@ This mixture distribution is replaced by the approximated
normal distribution based on Kerrigde inaccuracy with

L
//)’t+1|t = Z Pi(e4+1) 1t +1ts (6)
1=1
L L
Piy1e = Z Pi(t+1)Pres1e + Z Pi(e+1)(Bes1)e — M/,t+1|tfﬁ
=1 =1

where pi) ++1 and P 1 denote results of the Kalman filter
obtained for each value /. The approximation (6)-(7) is then
used as the prior normal distribution for the next step of the
recursion.
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Experiment

Experiment

@ Testing of the algorithm for real traffic-control data from one
of the controlled microregions in Prague
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Experiment

Experiment

@ Testing of the algorithm for real traffic-control data from one
of the controlled microregions in Prague

@ Comparison of results with those of the Hidden Markov

Models (HMM) algorithms available in standard package of
MATLAB.
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Experiment

Used data

@ x; - four-dimensional queue length of cars

o x - level of service (LoS) with 4 possible values: from 1 (the
best) to 4 (the worst)
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Experiment

Used data

@ x; - four-dimensional queue length of cars

o x - level of service (LoS) with 4 possible values: from 1 (the
best) to 4 (the worst)

@ y; - four-dimensional intensity of outgoing cars measured by a
detector

@ ug - relative time of green light
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Experiment

Used data

xf{ - four-dimensional queue length of cars

x¢ - level of service (LoS) with 4 possible values: from 1 (the
best) to 4 (the worst)

ys - four-dimensional intensity of outgoing cars measured by a
detector

ug - relative time of green light

t=1,...,288 - one day, b minutes long intervals
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Experiment

Results and comparison with HMM

Queue length estimation

120

—real

° estimated

80

40

Queue length [cars]

o 50 100 150 200 250 300
time [periods]

Figure: Online filtering of car queue length
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Experiment

Results and comparison with HMM

LoS estimation with hybrid filter

oF
asf  real i
af * hybrid filter |+

LoS

0 50 1(;0 . 15‘0 2&0 2;0
time [periods]
LoS estimation with HMM
.

O

n

o
T

%0
time [periods]

L
0 50 100

Figure: LoS estimation with the hybrid filter (top) and the HMM
(bottom)
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Conclusion

Conclusion

To summarize, important features of the proposed theory are that
@ the algorithms used run in online mode,
@ numerical procedures are applied only in that parts, which can

not be computed analytically. In this way the amount of
computations as well as the risk of collapsing is minimized,

@ general probabilistic approach is universal for the distributions
used,

@ it opens a way to recursive estimation of discrete system
modes dependent on evolution of continuous states. This is
planned for future research.
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Conclusion

Questions

Thank you for your attention.
Time for your questions.
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@ Uvod

ungl Modely hromadné obsluhy



@ Uvod

e Trocha teorie
@ Procesy se spojitym ¢asem
@ Poissonuv proces

@ Systémy hromadné obsluhy a fronty typu M/M/oco
@ Fronty typu M/M/s

Martin Dungl Modely hromadné obsluhy



@ Uvod

e Trocha teorie
@ Procesy se spojitym ¢asem
@ Poissonuv proces
@ Systémy hromadné obsluhy a fronty typu M/M/oco
@ Fronty typu M/M/s

© zaver
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Fenomén call center

Cerpam z ¢lanku pojednavajiciho o call centrech, Ize nalézt
mnoho podobnosti s nékterymi systémy. Néco o call centrech:
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Fenomén call center

Cerpam z ¢lanku pojednavajiciho o call centrech, Ize nalézt
mnoho podobnosti s nékterymi systémy. Néco o call centrech:
@ Pro mnoho spolecnosti se jedna o preferovanou cestu
komunikace se zakazniky
@ V USA a Velké Britanii pfibuzna odvétvi zaméstnavaji asi
3% pracovni sily
@ Zajimava jsou pro nas call centra zamérena na prichozi
hovory
@ V pfipadé, ze jsou vSichni agenti zaneprazdnéni, ¢ekaji
dalSi zakaznici, ktefi se dovolali, ve fronté.
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Krizovatka maze byt skoro pina, a stale funguje bez velkych
front. Alespon, Ize-li nalézt analogie:
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Krizovatka maze byt skoro pina, a stale funguje bez velkych
front. Alespon, Ize-li nalézt analogie:

@ Ve velkych call centrech telefonuji agenti asi 90-95% svého
pracovniho ¢asu

@ Asi 50% zakaznikUl je spojeno pfimo s agentem. Ostatni
se zaradi do fronty, s agentem jsou vS§ak spojeni béhem
nékolika vtefin.

@ Jen 1% zakaznik, ktefi se dovolaji, ukonci hovor pred
spojenim s agentem.
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Modelovani systému

@ Obecné hovofime o systémech hromadné obsluhy nebo o
teorii front.

@ Ma-li ¢as mezi dvéma vstupy do systému exponencialni
rozdéleni, Ize pouzit aparat markovskych fetézcu se
spojitym ¢asem

@ Toto zjednodu$eni mize byt problematické
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Procesy se spojitym ¢asem
Poissonlv proces

Trocha teorie Systémy hromadné obsluhy a fronty typu M /M / oc

Fronty typu M/M /s

e Trocha teorie
@ Procesy se spojitym ¢asem
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Procesy se spojitym ¢asem

Poissonuv proces

Systémy hromadné obsluhy a fronty typu M/M /oo
Fronty typu M/M /s

Trocha teorie

Procesy se spojitym Casem

Zakladni definice

Definice:

Markovovym fetézcem se spojitym casem a spocetnou mnoZinou stavil
S rozumime systém celoCiselnych ndhodnych veli¢in { X;, t > 0},
které jsou definovany na stejném pravdépodobnostnim prostoru a pro
které plati

P(Xsyt =jIXs = 1) = P(Xsrt = j|Xs = I,( Xty .-, Xt,) = (1, ..., In))

provsechnan e N, j,j ij,...,in € S,8,t>0,0 < fx < 8, pro kterd
mad prava strana rovnice smysl. Zavddime znacen{

P(Xsyt = j|Xs = ) = pji(s, s + 1)
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Procesy se spojitym ¢asem

Poissonuv proces

Systémy hromadné obsluhy a fronty typu M/M /oo
Fronty typu M/M /s

Trocha teorie

Procesy se spojitym Casem
Predpoklady

@ Predpokladame homogenitu, tj. pji(s, s + f) nezavisi na s.
Znacime pj(t). Odtud definujeme pro kazdé t > 0 matici
pravdépodobnosti prechodu P(t) s prvky pj(t).

Pl/( f)

7 »~ H — if t
@ Lze dokazat, ze g; = lim;_,o, ag;=Ilimi o, 7’( )

existuji pro kazdé i,j € S. Déle predpokladame Ze plati
2195 = qi pro kaZzdé i € S.

e Cislo qj nazyvame Intenzita pfechodu ze stavu i do stavu
J. Polozime q; = —q; pro i € S. Matici Q = {q;,i,j € S}
nazyvame Matice intenzit pfechodu.
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Procesy se spojitym ¢asem

Poissonuv proces

Systémy hromadné obsluhy a fronty typu M/M /oo
Fronty typu M/M /s

Trocha teorie

Procesy se spojitym Casem

Vyznam matice intenzit pfechodu

@ Oznacme T; dobu, po kterou zlistava fetézec ve stavu i
poté, co do n€j v néjakém (libovolném) Case vstoupil. Lze
dokéazat, Zze T; je nahodna veliCina, kterd ma exponencialni
rozdéleni o parametru g;. Plati tedy P(T; < t)=1— e 9! a
E[T)] = L.
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Procesy se spojitym ¢asem

Poissonuv proces

Systémy hromadné obsluhy a fronty typu M/M /oo
Fronty typu M/M /s

Trocha teorie

Procesy se spojitym Casem

Limitni rozdélenf

@ Existuje-li pro vSechna i,j € S lim_,o.pj(t) = &, nazyvame
a = {a;,j € S} limitni rozdeleni fetézce.
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Procesy se spojitym ¢asem

Poissonuv proces

Systémy hromadné obsluhy a fronty typu M/M /oo
Fronty typu M/M /s

Trocha teorie

Procesy se spojitym Casem

Limitni rozdélenf

@ Existuje-li pro vSechna i,j € S lim_,o.pj(t) = &, nazyvame
a = {a;,j € S} limitni rozdeleni fetézce.

@ Méjme nerozlozitelny Markovuv fetézec {X;,t > 0} s
trvalymi stavy, ktery ma matici intenzit Q. Jestlize existuje

W:{Wj,ZWj:ﬂ : 7TQ=0,
jes

jedna se o limitni rozdéleni tohoto fetézce. Jestlize takové
7 neexistuje, nema retézec limitni rozdéleni.
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Procesy se spojitym ¢asem

Poissonuv proces

Systémy hromadné obsluhy a fronty typu M/M /oo
Fronty typu M/M /s

Trocha teorie

Procesy se spojitym Casem

Limitni rozdélenf

@ Existuje-li pro vSechna i,j € S lim_,o.pj(t) = &, nazyvame
a = {a;,j € S} limitni rozdeleni fetézce.

@ Méjme nerozlozitelny Markovuv fetézec {X;,t > 0} s
trvalymi stavy, ktery ma matici intenzit Q. Jestlize existuje

W:{Wj,ZWj:ﬂ : 7TQ=0,
jes

jedna se o limitni rozdéleni tohoto fetézce. Jestlize takové
7 neexistuje, nema retézec limitni rozdéleni.
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Procesy se spojitym casem

Poissonuv proces

Systémy hromadné obsluhy a fronty typu M /M / oc
Fronty typu M/M /s

Trocha teorie

Outline

e Trocha teorie

@ Poissonuv proces
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Procesy se spojitym casem

Poissonuv proces

Systémy hromadné obsluhy a fronty typu M/M /oo
Fronty typu M/M /s

Trocha teorie

Poissonuv proces

Definice a vyznam

@ Modelovy priklad nahodného procesu.

@ Udalosti se vyskytuji nahodné v Case, na sobé nezavisle.
X znaCi pocet uddlosti, ke kterym doslo do Casu t.

@ Lze jimi modelovat chovani zdkazniku, napt. takto Ize
popsat mnozstvi hovorl prichazejicich na ustfednu.

@ Predpokladame, Ze v intervalu (t, t + h] dojde k prave
jedné udalosti s pravdépodobnosti Ah + o(h), A > 0, a k
vice nez jedné udalosti s pravdépodobnosti o( h).
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Procesy se spojitym casem

Poissonuv proces

Systémy hromadné obsluhy a fronty typu M/M /oo
Fronty typu M/M /s

Trocha teorie

Poissonuv proces

Vlastnosti

@ Poissonlv proces Ize popsat matici intenzit

-2 X 0 O
Q-= O -2 x 0
0
@ Lze dokazat, ze pro absolutni pravdépodobnosti v Case t
plati
Aty
p,-(t):eﬂ()\t), 0<j<oo, t>0.

PocCet udalosti v libovolné mnoziné délky t ma tedy
Poissonovo rozdéleni s parametrem At.
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Procesy se spojitym casem

Poissonuv proces

Systémy hromadné obsluhy a fronty typu M/M /oo
Fronty typu M/M /s

Trocha teorie

Outline

e Trocha teorie

@ Systémy hromadné obsluhy a fronty typu M/M /oo
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Procesy se spojitym casem

Poissonuv proces

Systémy hromadné obsluhy a fronty typu M/M /oo
Fronty typu M/M /s

Trocha teorie

Systémy hromadné obsluhy
Predpoklady

@ Do systému prichazeji zakaznici, po obslouzeni jej
opoustéji.

@ V systému existuje s tzv. stanic obsluhy, s je pevné,

s € NU co. Kazda stanice mize obsluhovat nejvyse
jednoho zakaznika.

@ Pro popis nékterych systému se hodi volit s € R, udavajici
kapacitu systému.

@ Doby mezi pfichody po sobé jdoucich zakaznikl jsou
nezavislé exponencialné rozdélené nahodné veliCiny,
stejné jako doby obsluhy jednotlivych zakazniku.

@ Je-li kapacita zaplnéna, tvofi zakaznici frontu.
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Procesy se spojitym casem

Poissonuv proces

Systémy hromadné obsluhy a fronty typu M/M /oo
Fronty typu M/M /s

Trocha teorie

Matematicky popis

@ Systém popisuje trojice A/B/s, kde A udava rozdéleni
doby mezi pfichody zakaznikl, B udava rozdéleni doby
obsluhy jednotlivych zakaznik( a s je pocet stanic obsluhy
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Procesy se spojitym casem

Poissonuv proces

Systémy hromadné obsluhy a fronty typu M/M /oo
Fronty typu M/M /s

Trocha teorie

Matematicky popis

@ Systém popisuje trojice A/B/s, kde A udava rozdéleni
doby mezi pfichody zakaznikl, B udava rozdéleni doby
obsluhy jednotlivych zakaznik( a s je pocet stanic obsluhy

@ Uvazujeme pfipad A € Exp(\) a B € Exp(u).
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Procesy se spojitym casem

Poissonuv proces

Systémy hromadné obsluhy a fronty typu M/M /oo
Fronty typu M/M /s

Trocha teorie

Matematicky popis

@ Systém popisuje trojice A/B/s, kde A udava rozdéleni
doby mezi pfichody zakaznikl, B udava rozdéleni doby
obsluhy jednotlivych zakaznik( a s je pocet stanic obsluhy

@ Uvazujeme pfipad A € Exp(\) a B € Exp(u).
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Procesy se spojitym casem

Poissonuv proces

Systémy hromadné obsluhy a fronty typu M/M /oo
Fronty typu M/M /s

Trocha teorie

Fronty typu M/M /oo

Matice intenzit prechodu

@ Nejprve necht s = co.
@ Pro matici intenzit prechodu Q plati

—A A 0 0 0

b= A— A 0 0

Q- 0 2u —A—2u A 0
A

0 0 30 —A—3u
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Procesy se spojitym casem

Poissonuv proces

Systémy hromadné obsluhy a fronty typu M/M /oo
Fronty typu M/M /s

Trocha teorie

Fronty typu M/M /oo

Limitni rozdélenf - vysledek

@ Lze dokazat, ze limitni rozdéleni poctu zakaznik( v
systému ma Poissonovo rozdéleni s parametrem %
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Procesy se spojitym casem

Poissonuv proces

Systémy hromadné obsluhy a fronty typu M /M / oc
Fronty typu M/M/s

Trocha teorie

Outline

e Trocha teorie

@ Fronty typu M/M/s
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Procesy se spojitym casem

Poissonuv proces

Systémy hromadné obsluhy a fronty typu M/M /oo
Fronty typu M/M/s

Trocha teorie

Fronty typu M/M /s

Matice intenzit prechodu

@ Prvnich s fadku a sloupct matice intenzit se nelisi od
predchozi matice:

—A A 0 0 0

L o—=A— U A 0 0

Q- 0 21 —A—2u A 0
A

0 0 3u A —3u

Nasledujici fadky vypadaji nasledovné:

(0 0O ... ... 0 su —A—su A 0O ... )
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Procesy se spojitym casem
Trocha teorie Poissonuv proces
Systémy hromadné obsluhy a fronty typu M /M / oc

Fronty typu M/M/s

Fronty typu M/M /s

Limitni rozdéleni

@ Pro vypocet limitniho rozdéleni dostavame

AV
mo(%) .
= il“ i=0,1,....8
AN
mS® [ ,
= L i=s+1,s+2,...
s! S
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Procesy se spojitym casem

Poissonuv proces

Systémy hromadné obsluhy a fronty typu M/M /oo
Fronty typu M/M/s

Trocha teorie

Fronty typu M/M /s

Limitni rozdéleni

@ Pro vypocet limitniho rozdéleni dostavame

AV
mo(%) .
= il“ i=0,1,....8
AN
708 [ 4 ,
= L i=s+1,s+2,...
s! S

@ 7o se pak vypocita z nasledujiciho vztahu:

s (2)1 o gs
70 ZT+ Za

i=0 ' j=85+1

n =
Il
—
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Procesy se spojitym casem

Poissonuv proces

Systémy hromadné obsluhy a fronty typu M/M /oo
Fronty typu M/M/s

Trocha teorie

Fronty typu M/M /s

Kdy limitni rozdéleni neexistuje

@ Je vidno, Ze limitni rozdéleni existuje, prave kdyz % < s.

@ Existuje, prave kdyz je v systému vice stanic obsluhy, neZli
stfedni hodnota poctu obsazenych stanic v systému
M/M /oo (pfi stejném X a p).
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Procesy se spojitym casem

Poissonuv proces

Systémy hromadné obsluhy a fronty typu M /M / oc
Fronty typu M/M/s

Trocha teorie

Fronty typu M/M /s

Chovani systému - spoctéme:

@ Stfedni poCet zdkazniku v systému:

oo
M=>"im
i=0
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Procesy se spojitym casem

Poissonuv proces

Systémy hromadné obsluhy a fronty typu M /M / oc
Fronty typu M/M/s

Trocha teorie

Fronty typu M/M /s

Chovani systému - spoctéme:

@ Stfedni poCet zdkazniku v systému:
M=>"im
i=0

@ Stfedni délku fronty:

[e.9]

EFl= > (s—im

i=s+1
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Procesy se spojitym casem

Poissonuv proces

Systémy hromadné obsluhy a fronty typu M /M / oc
Fronty typu M/M/s

Trocha teorie

Fronty typu M/M /s

Chovani systému - spoctéme:

@ Stfedni poCet zdkazniku v systému:
M=>"im
i=0

@ Stfedni délku fronty:

E[F]= ) (s—im
i=s+1
@ Stredni pocet obsluhovanych zakazniku
A

S o0
E[B] =) im+ Y sm=2>
i=0 H

i=s+1
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Procesy se spojitym casem

Poissonuv proces

Systémy hromadné obsluhy a fronty typu M/M /oo
Fronty typu M/M/s

Trocha teorie

Fronty typu M/M /s

Chovani systému

@ Pravdépodobnost, Ze nové prichozi zakaznik nemusi ¢ekat

na obsluhu 1
s

Pv=>m
i=0
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Procesy se spojitym casem

Poissonuv proces

Systémy hromadné obsluhy a fronty typu M/M /oo
Fronty typu M/M/s

Trocha teorie

Fronty typu M/M /s

Chovani systému

@ Pravdépodobnost, Ze nové prichozi zakaznik nemusi ¢ekat

na obsluhu 1
sf

Pv=>m
i=0

@ Dale je zajimavé zjistit, za jak dlouho se dostane v
priméru nove prichozi zakaznik na fadu. Oznaéme tuto
veli¢inu DC (jako "doba cekani"). Plati:

E[DC] = E[DClg_g + DClg_1 + DClIp_p + ...]
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Procesy se spojitym casem

Poissonuv proces

Systémy hromadné obsluhy a fronty typu M /M / oc
Fronty typu M/M/s

Trocha teorie

Fronty typu M/M /s

Chovani systému

@ Upravami dostaneme nasleduijici (hrtizny) vzorec:

0o { 2171 (sput) ekt
I
E[DC]:iz_; Tspit /tot 3 dt
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Procesy se spojitym casem

Poissonuv proces

Systémy hromadné obsluhy a fronty typu M/M /oo
Fronty typu M/M/s

Trocha teorie

Fronty typu M/M /s

Simulace, polozil jsem p = 1

09|27 9 90 900 47
1 3 10 100 1000 50

0.9 0.9 0.9 0.9 0.9 0.94

9.0 [10.05 |15.02 |91.95 | 900.05 | 55.90
E[F] |81]735 |602 [195 |005 |890
E[B] || 09|27 9 90 900 | 47

Py 0.1 | 0.1829 | 0.3313 | 0.7831 | 0.9994 | 0.4320
E[DC] | 9.0 | 2.7236 | 0.6687 | 0.0217 | 0.0000 | 0.1901

ol >~
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Zavér

@ Lze postupovat zpétne - pfi znalosti vysledku, jako E[F],
E[B], Py a E[DC], Ize odhadnout parametry systému
(prvky matice intenzit pfechodu).

@ Tento odhad muze slouzit k odhadu matic H, D, P z
Kalmanova filtru, které povazujeme v predchozi ¢asti za
znamé.

@ Proveditelné az ad hoc podle parametrli systému

@ Diskrétni veli¢iny mohou odpovidat obecnéjSim staviim
systému - kazdy z nich je popsany jinou matici pfechodu
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Dékuji za pozornost, prostor na Vase otazky.
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